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R E V I E W  OF SOME RECENT RESEARCH ON 
NOISE AND STRUCTURAL VIBRATION* 

Richard H. Lyon and Gideon Maidanik 

SUMMARY 

A lengthening roster of difficult questions concerning 

vibrations in very complicated structures--buildings, mis- 

siles, ocean vessels, etc.--has motivated a new approach to 

vibration analysis. These new techniques rely on an old 

trick: to make a "difficult" problem "easy," ask the easy 

questions. Often the answers to easy questions will suffice. 

To exemplify these questions and some answers, a series 

of studies in the response of structures to sound and energy 

transfer between attached structures are discussed. For  ex- 

ample, the response of ribbed panels to sound fields is ana- 

lyzed. The procedure for computing radiation loss factor, 

which measures the coupling between sound and structure, and 

measurements of this parameter are described. Applications 

of the method are also made to estimate response of a large 

booster. 

- 

*This paper was originally prepared for oral presentation at 
a joint colloquium sponsored by the Department of Mechanical 
Engineering at the University of Kentucky and the Engineering 
Development Laboratories of the Electric Typewriter Division, 
IBM. For the present publication, the paper has been rewritten 
and some of the discussions have been expanded. 
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The method has also been applied to noise transmission 

through structural panels, sound radiation from a machine 

housing, and the transmission of vibrational energy from 

one structural element to another. In the last example, 

estimates of response variation as well as averages have 

been made. In all cases experimental studies have provided 

an important back up to the analytical development. 
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acoustic acceptance function 

area of panel 

longitudinal velocity 

ambient speed of sound 

panel dimension in the y-direction 

x-component of a wavevector in a panel 

y-component of a wavevector in a panel 

panel dimension in the x-direction 

mass o f  structure 

mass per unit area 

room modal density 

structural modal density 

acceleration spectral density 

sound pressure spectral density 

room reverberation time 

structural reverberation time 

panel thickness 

room volume 

mean square velocity defined by v M = structural energy 2 

Cartesian coordinates in the plane of a panel 

internal loss factor 

radiation loss factor 

ambient density 

structural material density 
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SYMBOLS (cont  . ) 
0 r a d i a t i o n  e f f i c i e n c y  

resonance rad ian  frequency 
wO 

co band' cen te r  radian frequency 

LLU frequency bandwidth 
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I. Introduction 

The problems of response of structures to acoustic noise 
and the subsequent vibration and reradiation of this noise are 
central to the field of acoustics. The applications of response 
studies are very broad, having important uses in the fields of 
missile response to environmental noise, aircraft response t o  
sound and boundary layer turbulence, the vibration of buildings 
resulting from shock and sonic booms, transmission of noise 
through walls, etc. The missile and aircraft problems are pri- 
marily problems of vibratory response, the main problem areas 
being concerned with the fatigue of structures and environmental 
loads on equipment mounted within the structures. There is also 
the problem of acoustic noise transmission to the interior of 
aircraft cabins which are used f o r  passenger and personnel 
accommodation. The analysis of the interaction of vibration and 
sound in buildings is primarily applied t o  the radiation of 
sound by the building walls. The walls may be excited by impacts 
or sound fields. The application of interest may be flanking 
transmission of vibration or the transmission of sound through 
the walls of the building. 

The manner in which vibrating structures radiate noise is 
an important topic in noise control. It governs such effects 
as the radiation from machine housings, aircraft panels, sub- 
marine hull structures, building walls, etc. The parameter 
which governs the sound radiation is the radiation efficiency; 
it describes the power f low linkage between the structural vibra- 
tion and the sound pressures which are transmitted to the 
environment. From a reciprocity argument, the radiation effi- 
ciency governs the response of structures to sound fields. The 
radiation efficiency of complex structures is discussed in this 
paper. 



The t ransmission of noise  through s t r u c t u r e s  i s  a combined 
problem of response and r ad ia t ion .  The response may be e i t h e r  
resonant or forced  and the  s t r u c t u r e  may be constructed from 
f l a t  panels, as i n  t h e  case of bui ld ing  w a l l s  and noise  reduc- 
ing  boxes, or it may be formed by curved panels  as i n  a i r c r a f t ,  
missiles and submarines. 

The dynamical equat ions f o r  most of the systems mentioned 
above are reasonably w e l l  known and w i t h  the  proper use of 
boundary conditions,  one can formulate many of t hese  problems 
i n  an exact  manner. It i s  an unfortunate  f a c t ,  however, tha t  
one i s  f r equen t ly  i n t e r e s t e d  i n  the  response and r a d i a t i o n  of 
s t r u c t u r e s  i n  frequency ranges where very many modes of v i b r a t i o n  
are con t r ibu t ing  t o  t he  response or where the  appropr ia te  wave- 
lengths  are s m a l l  compared t o  the  dimensions of the s t r u c t u r e s .  
Th i s  r e s u l t s  i n  a very complicated p a t t e r n  of v i b r a t i o n  w i t h  
very many degrees of freedom, a problem t h a t  not even a large sca l e  
d i g i t a l  computer i s  capable of handling w i t h  any ease. I n  addi- 
t ion ,  t h e  i n t e r p r e t a t i o n  of r e s u l t s  of t h i s  type from a machine 
computation, or from an a n a l y t i c  computation, f o r  t ha t  matter, 
can be extremely complicated when the  v i b r a t i o n  p a t t e r n s  a r e  s o  
complex. It i s  f o r  t h i s  reason that an a n a l y s i s  which parallels 
the s t a t i s t i c a l  theory  of room acous t i c s  ( r e f s .  1,2,3) has been 
developed. I n  t h i s  ana lys i s ,  the s t r u c t u r e  and i t s  environment 
are descr ibed i n  terms of t he i r  average dimensions, modal 
dens i t i e s ,  damping, e t c . ,  while the dynamical q u a n t i t i e s  of 
i n t e r e s t  are energy, mean square ve loc i ty ,  mean square pressure,  
e t c .  

11. S t a t i s t i c a l  Theory ~ of S t r u c t u r a l  Vibrat ion 

An example of t he  problems t h a t  concern u s  i s  shown i n  
Fig.  1. A s t r u c t u r e ,  which may cons i s t  of a combination of 
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panels ,  frames, r i b s ,  e tc . ,  i s  immersed i n  a reverberant  sound 
f i e l d .  T h i s  sound f i e l d  i s  maintained by some d i s t r i b u t i o n  of 
sources wi th in  the space. It may be a rocket  engine o r  e l ec t ro -  
dynamic speakers which are generat ing sound. The amount of 
energy which flows i n t o  the s t r u c t u r e  w i l l  depend on t h e  degree 
of coupling between the s t r u c t u r e  and the sound f i e l d .  One way 
of descr ibing t h i s  coupling i s  through the r a d i a t i o n  e f f ic iency ,  
o, of t h e  s t r u c t u r e .  Its value i s  determined by the th ickness  
of the plates, the  number of r i b s ,  the  geometry, e t c .  

The amount of energy which the s t r u c t u r e  w i l l  accept i n  
any p a r t i c u l a r  frequency band depends on how many modes w i l l  
resonate  i n  that frequency band and accept energy from the 
sound f i e l d .  Therefore, an average modal dens i ty  f o r  t h e  
s t r u c t u r e  must  be ascer ta ined .  T h i s  i s  achieved by consider- 
ing  the var ious elements which make up the  s t r u c t u r e  and gener- 
a te  the t o t a l  modal dens i ty  by adding up the  cont r ibu t ions  of 
each part of the  s t r u c t u r e  (refs. 4,5,6). 

Once the energy has been accepted by t h e  s t r u c t u r e  i n  i t s  
modes of v ibra t ion ,  it w i l l  e i ther  be d i s s i p a t e d  i n t e r n a l l y  o r  
be r e r a d i a t e d  back i n t o  the  space. T h i s  loss of energy i s  ex- 
pressed through a t o t a l  damping which has cont r ibu t ions  from 
r a d i a t i o n  and from i n t e r n a l  d i s s ipa t ion .  The i n t e r n a l  dissi- 
pa t ion  usua l ly  occurs a t  jo in ings  of t he  s t r u c t u r e  ( ref .  7) 
although it may be due t o  metal  f r i c t i o n  o r  h y s t e r e s i s  damping 
i n  some ins tances .  Normally, however, h y s t e r e s i s  damping i s  
of minor importance. 

It i s  poss ib l e  t o  approach the a n a l y t i c  a n a l y s i s  of the 
system i n  many ways, but perhaps some simple thermodynamic 
arguments w i l l  al low one t o  make some usefu l  genera l  s ta tements  
about the response ( r e f .  8). Suppose the s t r u c t u r e  has only a 
s i n g l e  mode of v i b r a t i o n  which resonates  a t  a frequency wi th in  
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t h e  audio spectrum. For t h i s  par t  of t he  spectrum, the  a i r  
about t h e  ob jec t  i s  a continuum. If the  continuum were a t  a 
temperature T, then the  d i s t r i b u t i o n  of thermal energy would be 

governed by the  Rayleigh-Jeans formula f o r  the modes of a con- 
tinuum i n  an enclosed space ( the  room). The spectrum would, 
accordingly,  be w e l l  def ined.  

The resonant  mode, however, only sees the  energy of the  
modes of t he  room i n  the  frequency range of i t s  own resonance. 
If i t  has no damping, then  the system i s  thermodynamic and the 
resonant mode comes t o  equi l ibr ium w i t h  the  modal energy of 
the modes which it sees i n  the  room. Its modal energy i s  
t h e r e f o r e  f ixed by the  energy of the  room and i s  independent 
of i t s  geometry, or mass, or any of the detai ls  of i t s  coupling 
t o  the room. The only parameter of importance i s  i t s  resonant  
frequency and the  f a c t  t h a t  it i s  coupled, t o  some exten t ,  t o  
the motion of the room. For no damping, t he re fo re ,  the energy 
t h a t  the s t r u c t u r e  achieves i s  f i n i t e  and i s  equal  t o  kT, t he  
energy of the modes w i t h  which it comes t o  equi l ibr ium (here 
k i s  the Boltzmann cons t an t ) .  
then the amount of energy tha t  the  s i n g l e  mode a t t a i n s  i s  
modified. 

When i n t e r n a l  damping i s  added, 

The modal energy of a damped resonant  mode a t  equi l ibr ium 
was derived by Smith ( ref .  9 ) .  H i s  formula i s  

where M = mass of t he  s t ruc tu re ,  
v' = mean square v e l o c i t y  of t h e  s t r u c t u r e ,  averaged 

i n  t i m e  and space such tha t  Mv2 = modal energy. 
We have c a l l e d  v the  " k i n e t i c  ve loc i ty"  of t h e  
s t r uc t ure , 
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= ambient sound speed and dens i ty  of the  acous t ic  0’ Po C 

medium respec t ive ly ,  
(uo = resonance radian frequency of the  mode, 
Sp = s p e c t r a l  dens i ty  of the acous t i c  pressure,  

= r a d i a t i o n  l o s s  f a c t o r .  For a panel qrad - - %ad 
Pocoa/c~oms 

m = mass per u n i t  area, 
S 
u = r a d i a t i o n  e f f ic iency;  r a t i o  of power radiated by 

a panel  to tha t  radiated by baffled p i s ton  of 
t h e  same area and rms v e l o c i t y  a t  a frequency 
such that the  wavelength i s  much smaller than a 
t y p i c a l  l i n e a r  dimension, 

= i n t e r n a l  d i s s i p a t i o n  l o s s  f a c t o r  of the  s t r u c t u r e .  q i n  

That an inc rease  i n  the  r a d i a t i o n  damping r e s u l t s  i n  an 
increas ing  response i s  not paradoxial  when one r e c a l l s  t h a t  
the r a d i a t i o n  loss f a c t o r  i s  merely a measure of t he  degree of 
coupling between the s t r u c t u r e  and the sound f i e l d .  The 
s t ronger  t h i s  coupling, the larger i s  the exchange of power 
between the sound f i e l d  and the s t r u c t u r e .  When the  i n t e r n a l  
d i s s i p a t i o n  i n  the s t r u c t u r e  vanishes or becomes s m a l l  compared 
w i t h  t he  r a d i a t i o n  damping, then t h e r e  i s  an equivalence between 
the modal energ ies  of the sound f i e l d  and the s t r u c t u r e .  Thus 
Eq. (2.1) reduces c o r r e c t l y  a t  the  l i m i t  qin 30 (or qrad>>qin) 
i n  accordance w i t h  t he  thermodynamical argument above. 

P r a c t i c a l  s t r u c t u r e s  f r equen t ly  contain seve ra l  modes of 
v ib ra t ion  i n  the frequency bands (e.g.  t h i r d  octave bands) t h a t  
measurements a r e  usua l ly  made i n .  These modes i n t e r a c t  w i t h  
the  modes of the acous t i c  f i e l d  which l i e  i n  the same frequency 
band. T h i s  i n t e r a c t i o n  i s  governed by an equation which i s  
der ived from Eq. (2.1) by mult iplying it by the modal dens i ty  
of the  s t ruc tu re ,  

2 
sa - 2a nScO %ad 
T -  M P o  %ad -t %n 

9 
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where ns = modal dens i ty  of the  s t r u c t u r e  i n  t h e  frequency 

'a 

band charac te r ized  by t h e  frequency w, 

s t r u c t u r a l  v ib ra t ion ;  Lw i s  the  bandwidth. 

= w 2 2  v /aW = a c c e l e r a t i o n  s p e c t r a l  dens i ty  of the 

I n  Eq, (2.2) vrad and qin are averaged over the frequency 
band. The purpose of s e t t i n g  the equat ion  i n  terms of t h e  
s p e c t r a l  d e n s i t y  and the modal d e n s i t y  of the  s t r u c t u r e  i s  t h a t  
these q u a n t i t i e s  can be measured i n  most cases of p r a c t i c a l  i n -  
t e res t .  The modal dens i ty  can usua l ly  be predic ted .  For a 
f l a t  panel, Eq. (2 .2)  becomes 

2 
ms Sa_7Tfi cops %ad 

AN"- 
2sP %ad 4- %n 

9 

- ir?As 
using "s-2*cQt ' 

where As = area of the  panel, 
ms = M/A~ = ps t ,  

ca = l o n g i t u d i n a l  v e l o c i t y  of the panel  material. 
t = t h i ckness  of the  panel, 

Eq. (2.3) i s  w r i t t e n  such that a comparison w i t h  "mass l a w "  
response can be conveniently made. The mass l a w  response i s  
the  non-resonant response of the panel  t o  a randomly inc iden t  
sound pressure  f i e l d .  The parameter AN 
i s  termed the  ' 'acoustic acceptance func t ion"  of the s t r u c t u r e  
and i s  usua l ly  p l o t t e d  i n  decibel's as a func t ion  of frequency. 

I n  t h i s  case AN = 1. 
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111. Reciproc i ty  Method of Deriving. the  Response Equation 

Eq. (2 .2 )  i s  c e n t r a l  t o  the response p r e d i c t i o n  methods 
and t h e r e f o r e  i t s  phys ica l  i n t e r p r e t a t i o n  must be c l e a r l y  
understood before  one can proceed f u r t h e r  to examine i t s  appl i -  
ca t ion  t o  p r a c t i c a l  cases .  For t h i s  purpose it may be h e l p f u l  
t o  der ive  the  formula by a s impl i f i ed  phys ica l  argument. The 
method of d e r i v a t i o n  i s  based on the a c o u s t i c a l  r e c i p r o c i t y  
between two sources  i n  a closed space. 

Consider the system whose arrangement i s  shown schematical-  
l y  i n  Fig.  2. Shown i n  a closed space i s  a resonant  panel  
s t r u c t u r e  which i s  dr iven  by a po in t  v e l o c i t y  source.  The 
v e l o c i t y  a t  the  d r iv ing  po in t  i s  denoted by v and i s  s p e c i f i e d  
such that  i t  has a cons tan t  s p e c t r a l  dens i ty  over a bandwidth 
bo about wo. 
v i b r a t i o n a l  f i e l d  on the panel  whose amplitude i s  denoted by u. 
Over the frequency band the po in t  input  impedance of the panel, 
R, i s  r e s i s t i v e  so tha t  t he  power balance r e l a t i o n s h i p  f o r  the 
panel  may be w r i t t e n  

The v e l o c i t y  source produces a reverberant  

The l e f t  hand side of Eq. (3.1) accounts f o r  the inpu t  power 
from the  source and the r i g h t  hand s ide  accounts  f o r  t he  
radiated power and the power which i s  d iss ipa ted  i n t e r n a l l y  i n  
the  panel.  The radiated power i s  d i s t r i b u t e d  i n  t h e  enclosed 
space and r e s u l t s  i n  a reverberant  pressure  f i e l d  which i s  
cha rac t e r i zed  by a mean square pressure  <p2>. 
propor t iona l  t o  the  radiated power one may w r i t e  

Since <p2> i s  
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f3 being a factor of proportionality. If a small sphere is 
placed in the reverberant field, it will experience a pressure 
p on its surface. 

Next the reciprocal case is considered. The small sphere 
is an acoustic velocity source which produces a volume velocity 
U which has the same spectrum as does v. The radiated power 
from this source produces a reverberant pressure field which is 
denoted by <pf >. Similar to Eq. (3.2) one may write for this 
case 

2 

where Rorad is the radiation resistance of the acoustic velocity 
source such that the left hand side of Eq. (3.3) represents the 
acoustic power radiated by the source. Note that the constant 
of proportionality p in Eq. (3.3) is the same as that in Eq. (3.2). 
The reverberant pressure field <pl > is felt on the surface of 
the panel and generates a certain reverberant velocity amplitude, 
ut, on it. One may express the relation between pf and u' by 

2 

(3.4) 2 2 <ut > = a<p' > 

where a is a constant of proportionality. 

It is essentially the parameter 01 which is desired in 
determining the responsiveness of the panel to a reverberant 
sound field. The blocked force at the velocity source, v, 
which we denote by ff is related to the reverberant velocity 
amplitude ut again by the point impedance of the panel R, thus 

8 

2 2 2  (f' > = R (u' > . 

__ . ...... . . _ _  

(3.5) 



For pure tones there is a reciprocity relationship 
between the variables p, v, f 1  and U. This relationship is 

E = -  f' 
v u  (3.6) 

Since v and U were assumed to be white sources in the thought 
experiment, this reciprocity relation can be expressed in terms 
of the mean square of the variables; 

<U2>/<f 2> = <V2>/<P2> (3.7) 

Substituting in Eq. (3.7) the expressions for the vari- 
ables derived in the preceding equations one readily obtains 
the expression for the ratio 

If R and Rorad are expressed explicitly, then one finds that 
Eq. (3.8) is equivalent to Eq. (2.3) which was originally 
derived from the modal approach (ref. 8). 

IV. Experimental Studies of Panel Response 

A systematic study of the response of a ribbed panel, shown 
in Fig. 3, has been carried out. The panel was placed in a 
large room (30 x 20 x 16 ft.) and measurements of the response 
of the panel to reverberant sound fields, generated by a loud- 
speaker, were made. A series of measurements of the sound 
generated by a reverberant vibrational field on the panel were 
also made to directly evaluate qrad. 
density of the panel and the pressure spectral density in the 
room are related by (ref. 8) 

The acceleration spectral 
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(4.1) 2 sp/sa = mMpoT~qrad/27*6" ~ H C ~  

where T, = r eve rbe ra t ion  time of the  room i n  the  frequency 
n 

band, 
nR = cu 2 V/2r2cO3 , = modal d e n s i t y  

V = room volume. 

Hence from measurements of Sp, Sa and TR, 

of the  room, 

when t h e  panel i s  
driven, the value of qrad can be determined. Such measurements 
were made i n  t h i r d  octave bands, the e x c i t a t i o n  being whi te  
no ise  from an electrodynamic shaker. The r e s u l t s  are repor ted  
i n  Fig.  4 f o r  s e v e r a l  boundary condi t ions  (unribbed, r ibbed, 
w i t h  edges baf f led  and unbaff led) .  

Using Eq. (2.3) qrad was determined i n d i r e c t l y  from meas- 
urements of Sa, S and q t o t  = qrad + qin f o r  the  case where the  
room i s  dr iven  by e x t e r n a l  sound source.  The t o t a l  damping 
qtot was found from s t r u c t u r a l  r eve rbe ra t ion  t i m e  measurements, 
t h e  r e l a t i o n  being 

P 

where Ts = r eve rbe ra t ion  t i m e  of the s t r u c t u r e ,  
0 

Mb,Mp = mass of the r i b s  and plate ,  respec t ive ly ,  
vb2,vp2 = mean square v e l o c i t y  of the  r i b s  and p l a t e ,  

r e spec t ive ly .  

The measurements were made i n  t h i r d  octave bands, t he  d r ive  
spectrum was broad band noise .  The r e s u l t s  are shown i n  Fig.  4 
for s e v e r a l  boundary condi t ions  ( r ibbed w i t h  baf f led  and un- 
baffled edges). 
between t h e  two ways of determining qrad i s  s a t i s f a c t o r y .  
agreement may be i n t e r p r e t e d  as support ing the v a l i d i t y  of the 

It i s  noted from Fig.  4 t h a t  the agreement 
T h i s  
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response equation, Eq. (2.2), which forms part of t he  procedure 
for obta in ing  the experimental  p o i n t s  i n  Fig. 4. 

From Eq. (2.2) it appears tha t  i f  the  response i s  t o  be 
predicted,  one must be able t o  estimate the  coupling f a c t o r  
qrad/(qrad + q i n ) .  Thus, a method of e s t ima t ing  the  q u a n t i t i e s  
qrad and q i n  as func t ions  of frequency must be sought. 

Although some b a s i c  research has been performed on the es- 
t imat ion  of the i n t e r n a l  l o s s  f a c t o r  of b u i l t  up s t r u c t u r e s  
( r e f .  7), t h i s  r e s e a r c h  i s  not  advanced s u f f i c i e n t l y  for making 
confident  p r e d i c t i o n s  a t  the present  t i m e .  Therefore, one can 
only  venture  an  educated guess  a t  the appropr i a t e  va lues  f o r  
t h i s  q u a n t i t y  or else  look f o r  measurements t o  ob ta in  more 
re l iable  values .  The usua l  ways of ob ta in ing  the experimental  
va lues  of qin are by measuring the  r eve rbe ra t ion  t i m e  of the  
s t r u c t u r e  and using an  equat ion such as Eq. (4.2) or studying 
modal bandwidths. Care should be taken t h a t  the v i b r a t i o n a l  
f i e l d  of the s t r u c t u r e  during the  measurements i s  r e p r e s e n t a t i v e  
of the v i b r a t i o n  t h a t  the s t r u c t u r e  i s  sub jec t ed  t o  under opera t -  
ing  condi t ions .  

The q u a n t i t y  qrad i s  important not  on ly  i n  response s t u d i e s  

I n  t h e  fo l lowing  s e c t i o n  a way of e s t ima t ing  qrad i s  
but a l s o  i n  the s t u d i e s  of no ise  genera t ion  by v i b r a t i n g  s t r u c -  
t u r e s .  
descr ibed.  

V. Est imat ion ~~ _of Hadiat ion Loss Factor  

I n  many no i se  c o n t r o l  problems, the e f f i c i e n c y  of the 
s t r u c t u r e  as a r a d i a t i n g  body i s  very important because the 
r a d i a t i o n  e f f i c i e n c y  i s  the  parameter which re la tes  v i b r a t i o n  
t o  radiated sound. E'rom the above d i scuss ion  it i s  apparent  
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t h a t  it a l s o  p l ays  a governing r o l e  i n  the conversion of a c o u s t i c  
power i n t o  v i b r a t o r y  motion of s t r u c t u r e s .  The parts of the 
s t r u c t u r e  which are usua l ly  most c l o s e l y  coupled t o  the sound 
f i e l d  are the ( f l a t  or curved) pane ls  of the s t r u c t u r e  s i n c e  
there i s  some p o s s i b i l i t y  of t r app ing  t h e  a i r  and compressing 
it as the panel  v i b r a t e s .  A simple form of pane l  v i b r a t i o n  i s  
the simple t r a v e l i n g  wave such as shown i n  Fig.  5. Such a 
wave has a p a r t i c u l a r  wavelength a t  any given frequency and 
t h i s  wavelength changes w i t h  frequency. Unlike a sound wave, 
the wave i n  the s t r u c t u r e  does not  have a speed independent 
of the frequency. Rather, the speed i n c r e a s e s  w i t h  the square 
r o o t  of the  frequency, as shown i n  Fig.  6. T h i s  f i g u r e  shows 
the f l e x u r a l  wave speed f o r  e i t h e r  aluminum o r  s t ee l  pane ls  as 
a func t ion  of frequency f o r  var ious  p l a t e  th icknesses .  

A p a r t i c u l a r l y  important parameter i s  the frequency a t  
which a p l a t e  of any th i ckness  has i t s  bending wave speed 
equal  t o  t he  sound speed. I n  a i r  under s tandard  condi t ions,  
t h i s  i s  about 1100 f t / s ec .  Note t h a t  f o r  a 1" p l a t e  t h i s  i s  
s l i g h t l y  over 500 cycles ,  for a 1/2" pla te  it i s  s l i g h t l y  over 
1000 cycles;  f o r  1/4", 2000 cycles;  f o r  1/8", 4000 cycles,  e t c .  
A t  and above t h i s  frequency, which i s  termed the " c r i t i c a l  f r e -  
quency," there  i s  a chance f o r  the bending wave t o  match up 
very w e l l  w i t h  the  a c o u s t i c  wave g iv ing  a very l a r g e  a c o u s t i c  
output  from the panel .  

Assuming tha t  t he  a c o u s t i c  loading does not  a f f e c t  the 
v i b r a t i o n  of t h e  panel, the  r a d i a t i o n  e f f i c i e n c y  of such a 
wave versus  the  frequency t o  c r i t i c a l  frequency r a t i o  i s  shown 
i n  Fig.  7 ( ref .  10). A s  one goes above the c r i t i c a l  frequency, 
one no te s  t h a t  the r a d i a t i o n  e f f i c i e n c y  becomes nea r ly  unity,  
i .e. ,  t h e  r a d i a t i o n  impedance becomes that  of t he  i n f i n i t e  wave 
impedance. Thus, i t  i s  concluded t h a t  when the  frequency of the 
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v i b r a t i o n  of the panels  of the  s t r u c t u r e  i s  above the  c r i t i c a l  
frequency fc ,  there  w i l l  be a large r a d i a t i o n  output .  Panel 
modes which r e sona te  a t  f requencies  above the  c r i t i c a l  frequency 
are cal led " a c o u s t i c a l l y  fas t ."  The simple theory  of i n f i n i t e  
p la te  f l e x u r a l  waves i n d i c a t e s  no r a d i a t i o n  below the c r i t i c a l  
frequency but  one knows from experiment tha t  t h i s  i s  not 
co r rec t .  The modes which resonate  a t  f requencies  below the  
c r i t i c a l  frequency are c a l l e d  a c o u s t i c a l l y  slow. I' 'I 

To see how r a d i a t i o n  i s  achieved f o r  pane ls  below t h e  
c r i t i c a l  frequency, consider  Fig.  8 ( ref .  6) .  I n  t h i s  f i g u r e  
i s  diagramed one of the  higher order  modes of a simply sup- 
por ted  panel .  The mode shape c o n s i s t s  of an  a l t e r n a t e  ser ies  
of loops, p o s i t i v e  and negat ive  w i t h  r e spec t  to t he  n e u t r a l  
pos i t i on .  These loops are ind ica t ed  as p l u s  and minus c e l l s  
of the panel.  A s imple way to consider  the r a d i a t i o n  from the 
panel  i s  to consider  the uncancelled volume v e l o c i t y  from the  
var ious  c e l l s .  Thus, s t a r t i n g  i n  the cen te r  of the panel, one 
appropr i a t e ly  pairs  o f f  the ad jacent  p l u s  and minus pairs of 
c e l l s ,  t he  volume v e l o c i t y  of these c e l l s  cance l  except a t  the 
edges where there  remains a h a l f - c e l l  w id th  uncancelled by t h i s  
procedure. A h a l f - c e l l  wid th  corresponds to a qua r t e r  of a 
wavelength i n  the  d i r e c t i o n  of t h e  pane l  a long which the  can- 
c e l l a t i o n  occurs ( t h e  y axis i n  F ig .  8) .  T h i s  uncancelled 
edge h a l f - c e l l  acts  l i k e  a s tanding wave r a d i a t o r  which may or 
may not have a wavelength larger than  t h e  a c o u s t i c  wavelength. 
If i t s  wavelength i s  larger than  the  a c o u s t i c  wavelength, i t  
acts  as a s t r i p  r a d i a t o r  r a d i a t i n g  sound somewhat less e f f i -  
c i e n t l y  than  a p l a t e  above the  c r i t i c a l  frequency but  more 
e f f i c i e n t l y  than  a s imple  p o i n t  source.  Modes f o r  which t h i s  
type of r a d i a t i o n  can occur are cal led " s t r i p  modes'' ( ref .  6) .  



I n  Fig. 9 i s  shown t h e  kind of r a d i a t i o n  which occurs when 
both the components of wavelength i n  the panel  are smaller than  
t h e  acous t i c  wavelength. Then there i s  cance l l a t ion  a l s o  along 
t h e  x-dimension of t h e  panel  and one i s  l e f t  only w i t h  s m a l l  

corner c e l l s "  r a d i a t i n g  i n  t h e  very extreme corners  of the 
panels .  These corner  c e l l s ,  being greater than  an acous t i c  
wavelength apart, tend t o  r a d i a t e  independently, and because 
t h e i r  sizes a r e  s m a l l  compared t o  the  a c o u s t i c  wavelength, they  
r a d i a t e  l i k e  small p o i n t  sources  and have somewhat l e s s  e f f i -  
ciency than  t h e  s t r i p  modes discussed before .  The panel modes 
f o r  t h i s  type of r a d i a t i o n  a r e  c a l l e d  "p is ton  modes" ( r e f .  6). 

I1  

When t h e  wavelength i n  a panel  i s  s m a l l  compared t o  an 
acous t i c  wavelength, t h e r e  usua l ly  are s e v e r a l  modes of v ibra-  
t ion ,  some of which a r e  p i s t o n  modes and some of which a r e  
s t r i p  modes. By combining the number of these modes and the i r  
combined r a d i a t i o n  e f f i c i e n c i e s ,  one f i n d s  that  the t o t a l  e f -  
f e c t  is  one of dominance of t h e  s t r i p  mode r a d i a t i o n .  Thus, 
one i s  l e d  to t h e  concept of t h e  edges of t he  panels  being 
respons ib le  f o r  t he  r a d i a t i o n  below t h e  c r i t i c a l  frequency 
( r e f s .  6, 11). T h i s  edge r a d i a t i o n  dominates u n t i l  one g e t s  
t o  t h e  frequency where t h e  a c o u s t i c  wavelength becomes l a r g e r  
than t h e  panel dimensions and a l l  t h e  r a d i a t i o n  i s  accounted 
f o r  by p i s t o n  modes alone, r e s u l t i n g  i n  a l e s s  e f f i c i e n t  radia- 
t i o n  ( re f .  6). Above the c r i t i c a l  frequency t h e  modes of t he  
panel  are such that  no v e l o c i t y  cance l l a t ion  occurs  between 
ad jacent  c e l l s ,  and a m a x i m u m  r a d i a t i o n  e f f i c i e n c y  i s  obtained-- 
namely uni ty .  
a r e  above the wave speed of sound a t  t h e  same frequency. Such 
modes are c l a s s i f i e d  as a c o u s t i c a l l y  fas t .  

These modes have a s soc ia t ed  wave speeds which 

The modal r a d i a t i o n  e f f i c i e n c y  for t h e  a c o u s t i c a l l y  slow 
modes, f o r  both the  s t r i p  modes and t h e  p i s t o n  modes, can be 
der ived from t h e  determinat ion of the volume v e l o c i t y  of each 
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c e l l  and then ca l cu la t ing  the r a d i a t i o n  from the uncancelled 
c e l l s  ( ref .  6). Due considerat ion must be given t o  the r e l a -  
t i v e  phases of the  uncancelled c e l l s  if these are a t  d i s t ances  
less than about a t h i r d  of the acous t i c  wavelength apart. I n  
t h i s  case c e l l s  of t h e  same phase combine t o  g ive  twice the 
r a d i a t i o n  e f f i c i ency .  If they have opposi te  phases, d ipole  
r a d i a t i o n  r e s u l t s  w i t h  correspondingly lower r a d i a t i o n  e f f i -  
ciency. The modal r a d i a t i o n  e f f i c i e n c y  f o r  t h e  a c o u s t i c a l l y  
fas t  modes i s  e s s e n t i a l l y  uni ty .  

If one can determine the modal dens i ty  as a func t ion  of 
frequency and c l a s s i f y  the  modes according t o  t h e i r  modal 
r a d i a t i o n  e f f i c i e n c i e s ,  then the r a d i a t i o n  e f f i c i e n c y  of the  
s t r u c t u r e  can be computed as a func t ion  of frequency by adding 
t h e  cont r ibu t ion  of each mode and d iv id ing  by the number of 
modes. Using t h i s  procedure the  r a d i a t i o n  e f f i c i e n c y  f o r  f l a t  
panels  ( r e f .  6) and c y l i n d r i c a l  s h e l l s  ( ref .  1 2 )  has been 
der ived and found t o  agree s a t i s f a c t o r i l y  w i t h  the  experi- 
mental data. Examples of the sort of agreement that one i s  
able t o  ob ta in  i s  i l l u s t r a t e d  i n  Figs.  4, 10 ( r e f .  13) and 
11 (ref .  12) .  Note that  i n  the case of a cy l inder  there i s  a 
peak i n  the r a d i a t i o n  e f f i c i e n c y  about t he  r i n g  frequency, 
which i s  the  frequency a t  which the long i tud ina l  wavelength i s  
equal  t o  the  circumference of t he  cyl inder .  The peak i s  
caused by t h e  curvature  of the plate  which tends t o  increase  
the  r i g i d i t y  of the  panel w i t h  a consequent increase  i n  the 
wave speed of t h e  modes. Curvature e f f e c t s  are most pronounced 
i n  the v i c i n i t y  of t he  r i n g  frequency. I n  t h i s  region the 
e f f e c t s  a r e  so s t rong  that a c o u s t i c a l l y  fast  modes may occur. 
Because of t h e i r  r e l a t i v e l y  large modal r a d i a t i o n  e f f ic iency ,  
they  dominate the r a d i a t i v e  p r o p e r t i e s  of the  s t r u c t u r e .  

The r a d i a t i o n  from f l a t  panels  and c y l i n d r i c a l  shells i n  
a i r  i s  now s u f f i c i e n t l y  w e l l  understood t o  allow one t o  make 
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f a i r l y  accu ra t e  e s t ima tes  of t h e  radiated sound power when the  
input  v i b r a t i o n  i s  known. 

A s  an example of how r a d i a t i o n  e f f i c i e n c y  can cause the 
sound p res su re  r a d i a t i o n  t o  d i f f e r  markedly from t h e  v i b r a t i o n  
spectrum, Fig.  12  i s  c i t e d .  T h i s  f i g u r e  shows t h e  v i b r a t i o n  
l e v e l s  and sound pressure  l e v e l s  measured f o r  a s m a l l  r o t a t i n g  
machine. I n  the  f igu re ,  t h e  v e l o c i t y  l e v e l s  a r e  i n  dec ibe l s  
re  1 cm/sec. 
of the r a d i a t i o n  l o s s  f a c t o r  of t h e  cover p l a t e  t o  a p i s t o n  
r a d i a t o r  a t  high frequencies .  The c r i t i c a l  frequency of t h e  

1/6 i n .  cover plate  i s  3 kc. 
between the measured and t h e  computed SPL i s  f a i r l y  good. A 
reduct ion of the r a d i a t e d  noise  i n  t h i s  case m i g h t  be achieved 
by using a th inner ,  more "limp" cover p l a t e  so that t h e  c r i t i -  
c a l  frequency i s  moved t o  a higher frequency. 

The r a d i a t i o n  e f f i c i e n c y  i s  the  estimated r a t i o  

I n  the upper bands the  agreement 

V I .  Appl icat ions t o  S t r u c t u r a l  ~ Response 

The energy method has been used t o  p r e d i c t  the s k i n  v ibra-  
t i o n  of one of t h e  l a r g e  cur ren t  missiles ( ref .  14). Under 
s t a t i c  f i r i n g  conditions,  sound pressure  and a c c e l e r a t i o n  
measurements were made, as shown i n  Fig.  13, The sk in  panels  
of t h e  booster  i n  the region where t h e  measurements were taken 
are long and narrow w i t h  the longes t  s i d e  d i r e c t e d  along t h e  
axis of the m i s s i l e .  This  geometry of the panel causes an 
anomaly i n  the modal dens i ty  ( r e f .  14) which i s  ind ica t ed  i n  
Fig.  14. Shown i s  the  locus of modal resonances i n  the kx, 
ky space where k i s  the wave number 27r/A. Note t h a t  as t h e  
constant  frequency l i n e ,  which i s  a q u a r t e r  of a c i r c l e  i n  t h i s  
p lo t ,  i n t e r s e c t s  the c ross  resonance f requencies  of the panel, 
a l a rge  group of modes occur almost simultaneously.  It a l s o  
happens t ha t  t h e  group of modes which come i n  a t  t h i s  time a r e  
most s t rong ly  coupled t o  t h e  sound f i e l d  ( s t r i p  modes). Thus, 



one may expect s t rong  i n t e r a c t i o n  between t h e  panel and t h e  
sound f i e l d  a t  these  c ros s  resonance frequencies .  In  Fig.  14, 
the  second c ross  mode frequency f = f 2  i s  depicted as an 
example. 

I n  Fig. 15 are shown the measured normalized response curves 
f o r  the panel.  These were measured w i t h  Stage I engine f i r e d  
and Stage I1 engines f i r e d  r e s p e c t i v e l y  ( ref .  14) .  Note that 
gene ra l ly  the  response i n  the region of f requencies  from 250 
cycles  t o  1000 cyc les  i s  20-25 db above m a s s  l a w  response ( m a s s  
l a w  governs the  response of l i m p  s t ruc tu res ,  see Eq. 2.3). 
Assuming an edge absorp t ion  of I%, the t h e o r e t i c a l l y  p red ic t ed  
response i s  shown as a dashed l i n e  f o r  a pure ly  reverberant  
sound f i e l d  and as a s o l i d  l i n e  f o r  a t r a v e l i n g  wave pure ly  
a x i a l  w i t h  t h e  cy l inde r ,  The e f f e c t  of t h e  s t rong  coupling a t  
the  c ros s  modes i s  c l e a r l y  evident  from t h e  predic ted  response 
and it i s  somewhat supported by the na ture  of t h e  measured 
response curves. One does not  know what the a c t u a l  damping i n  
the s t r u c t u r e  was s ince  t h i s  quan t i ty  was not  measured f o r  the 
mis s i l e .  The estimates, therefore ,  must have some uncer ta in ty  
i n  terms of abso lu te  magnitude. 

I n  t h e  c a l c u l a t i o n s  c i t e d  above, curvature  e f f e c t s  have not  
been considered. The r i n g  frequency f o r  t h e  tanks  on Stage I 
i s  about 550 cps. Since curvature  e f f e c t s  tend t o  r a i s e  the 
r a d i a t i o n  e f f i c i e n c y  above t h a t  of a f l a t  panel a t  f requencies  
below and about the r i n g  frequency (see  Fig.  ll), a peak i n  the 
acceptance func t ion  i n  t h i s  frequency region i s  t o  be expected. 
Whether the observed peak can be s u b s t a n t i a l l y  accounted f o r  by 
curvature  has not been determined. Nevertheless, t h e r e  i s  
s u f f i c i e n t  encouragement from these e a r l y  e s t ima tes  t o  p l an  
f u r t h e r  work on t h i s  gene ra l  approach i n  p red ic t ing  response 
l e v e l s .  



V I I .  Applications t o  Noise Transmission - .  

The t r a n s f e r  of acous t i c  energy through a panel  which 
separates two acous t i c  spaces is, of course, a very o l d  
problem i n  t h e  theory  and technology of acous t i c s .  
c a l c u l a t i o n s  have assumed that it w a s  the forced  wave o r  mass 
l a w  response of the panels  which was p r imar i ly  respons ib le  f o r  
the noise  t ransmission ( ref .  15). I n  the d iscuss ions  i n  con- 
nec t ion  w i t h  t h e  response of a missile s k i n  t o  acous t i c  exc i t a -  
t ion ,  it became c l e a r  that  t h e  v i b r a t i o n  may be wel l  above t h e  
mass l a w  l e v e l s .  T h i s  may a l s o  be t r u e  i n  the s t r u c t u r a l  w a l l  
problem although i n  some frequency region the mass l a w  calcula-  
t i o n s  of t ransmiss ion  lo s s  may not  be too  far  wrong. T h i s  i s  
because the  mass l a w  motions, being i p s o  f a c t o  of wavelengths 
g r e a t e r  than  o r  equal  t o  the a c o u s t i c  wavelength, w i l l  radiate 
w i t h  g r e a t e r  e f f i c i e n c y  a t  lower f requencies  than  the  reverberant  
multimodal v i b r a t i o n  (refs.  6, 16). 

Most 

Some c a l c u l a t i o n s  of the average noise  t ransmission through 
panels  have been made using t h e  method which i s  descr ibed i n  
t h e  preceding s e c t i o n s  ( r e f .  16). It i s  of p a r t i c u l a r  i n t e r e s t  
to compare these  estimates w i t h  the  " c l a s s i c a l "  forced  wave 
t ransmission i n  t h e  frequency regimes where the two would be of 
equal  per t inence .  
t o  i s o l a t e  no ise  from d e l i c a t e  e l e c t r o n i c  packages by enclosing 
them i n  a small box. These boxes are f r e q u e n t l y  much smaller  
than an acous t i c  wavelength a t  the  lower f requencies .  It became 
apparent that  t h e  t r a d i t i o n a l  methods of c a l c u l a t i n g  noise  
reduct ion  through panels  would not  be app l i cab le  i n  t h i s  fre- 
quency regime. A diagram of the system under cons idera t ion  i s  
shown i n  Fig. 16. 

The motivation f o r  the s tudy i s  the attempt 

The noise  reduct ion  i s  computed sepa ra t e ly  i n  t h r e e  f r e -  
quency regimes. A t  very low frequencies ,  both t h e  panel and 
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t h e  i n t e r i o r  volume of the box a r e  s t i f f n e s s  control led.  The 
noise  reduct ion of the box i s  frequency independent i n  t h i s  
regime and achieves a l e v e l  dependent upon the  th ickness  and 
the . s t i f f n e s s  o f . t h e  panel  and the  dimensions of t h e  enclosed 
volume. T h i s  s imple  behavior occurs a t  f requencies  which are 
below the  f irst  panel  resonance. In  the second intermediate  
frequency regime, the panel has resonant behavior but the in-  
t e r i o r  volume remains s t i f f n e s s  control led.  T h i s  persists 
u n t i l  the  f i rs t  acous t i c  resonance of the  enclosed space i s  
reached. A t  t h i s  point ,  one e n t e r s  the th i rd ,  o r  high frequency 
regime, where the i n t e r i o r  space becomes resonant and very soon 
reaches a high frequency asymptotic multimodal behavior. 

The t h e o r e t i c a l  no ise  reduct ion f o r  a 6" x 12" x 1/16" 
aluminum panel which forms a flexible s ide  f o r  a box of dimen- 
s ions  6" x 6" x 12" i s  shown i n  Fig. 17. H e r e  one can see the  
constant no ise  reduct ion predic ted  at  low frequencies,  the  
f l u c t u a t i n g  noise  reduct ion predic ted  i n  the frequencies  between 
the first panel resonance and the f irst  acous t i c  resonance, and 
then f i n a l l y  the  high frequency behavior. I n  the mid-frequency 
regime, an average w a s  taken over many modes of t h e  panel re- 
sponse and then an average assuming t h a t  only one mode of the 
panel  i s  v i b r a t i n g  a t  any t i m e .  These should g ive  the average 
noise  reduct ion and t h e  minimal noise  reduct ion i n  t h i s  f re-  
quency range r e spec t ive ly .  Note t h a t  i n  the high frequency 
regime, t h e  es t imates  of the  f ree  wave noise  reduct ion l i e s  
below t h a t  of the forced  wave. This implies  t h a t  f o r  t h i s  panel  
it would be i n c o r r e c t  t o  c a l c u l a t e  the noise  reduct ion 'based on 
a forced  wave response.  Since the f r e e  wave response i s  s e n s i -  
t i v e  t o  damping, the damping would be important i n  t h i s  ins tance  
i n  determining the noise  reduct ion.  



Some measurements have been made on a system similar to t h e  
one discussed above ( r e f .  17). The experimental  se tup  i s  shown 
i n  Fig. 18. I n  t h i s  experiment, an aluminum box w a s  hung i n  a 
reverberant  sound f i e l d .  The no i se  reduct ion  w a s  determined 
from measurements of the  e x t e r n a l  and i n t e r n a l  sound pressure  
l e v e l s  and i s  shown i n  Fig.  19. The f i r s t  panel  resonance f o r  
the box occurred a t  about 250 cycles  and the  f irst  a c o u s t i c  
resonance of the  i n t e r i o r  of the box a t  about 630 cycles .  Note 
t ha t  a t  f requencies  below about 160 cyc les  the  noise  reduct ion  
i s  e s s e n t i a l l y  independent of frequency as predic ted .  Between 
250 and 630 cycles,  the  lower l i m i t  minimal reduct ion  " s ing le  
mode" curve which i s  computed f o r  the panel  and the  average 
no i se  reduct ion  are shown. I n  a gene ra l  way, these de f ine  the  
mean and lower l i m i t s  of no ise  reduct ion  i n  t h i s  frequency 
range. A bet ter  agreement between theory  and experiment could 
be hoped f o r .  I n  the  multimodal a c o u s t i c  region, above the 
f i r s t  a c o u s t i c  resonance, from 1 kc to 6 kc, there  i s  a fair  
degree of agreement between the  noise  reduct ion  observed f o r  
the panel  and the t h e o r e t i c a l  c a l c u l a t i o n s  based on a resonant  
panel  ana lys i s .  I n  s p i t e  of the rather complicated behavior 
i n  the three regimes, the s t a t i s t i c a l  approach has given a 
f a i r  degree of i n s i g h t  i n t o  the observed noise  t ransmission i n  
a s m a l l  box. 

V I I I .  Appl icat ions to t he  Vibrat ion of Connected S t r u c t u r e s  

The s t a t i s t i c a l  theory  of s t r u c t u r a l  v i b r a t i o n  can be ex- 
tended to problems o the r  than the i n t e r a c t i o n  between sound 
f i e lds  and s t r u c t u r e s .  One important area i s  the  equipment 
environmental problem i n  missile and a i r c r a f t  s t r u c t u r e s ,  I n  
these s t r u c t u r e s ,  one has a set of s k i n  pane ls  which have 
accepted energy from the  environment and are engaged i n  random 
v ib ra t ion .  To these panels  are a t t ached  frames and s t r i n g e r s  
and t o  the frames may be a t tached  equipment mounting t r u s s e s  
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or o the r  i n t e r n a l  panels .  The amount of energy which i s  t r ans -  
ferred t o  t h e  i n t e r n a l  s t r u c t u r e  i s  important i n  e s t a b l i s h i n g  
t h e  environment of any equipment which may be mounted on tha t  
s t r u c t u r e .  Thus, the s tudy  of the t ransmission and shar ing 
of energy by connected s t r u c t u r e s  has an important bear ing on 
understanding the t o t a l  environmental p i c t u r e .  As a start ,  
two cases  of connected s t r u c t u r e s  were s tud ied ;  t h e  f irst  case 
c o n s i s t s  of a beam can t i l eve red  t o  a f l a t  panel  ( r e f s .  18, lg), 
and the second c o n s i s t s  of two panels  which are joined a t  r igh t  
angles  t o  each o t h e r  ( r e f .  19). 

I n  Fig. 20 i s  shown a large, f l a t  panel  which has an 
aluminum bar can t i l eve red  t o  it. I n  some of the experiments, 
a damping s t r i p  was applied, as shown, t o  t he  beam t o  c o n t r o l  
i t s  i n t e r n a l  damping. It i s  presumed t h a t  t h e  t r a n s f e r  of 
moment and angular  v e l o c i t y  a t  t h a t  junc t ion  i s  respons ib le  f o r  
t h e  energy t r a n s f e r .  The coupling parameter i s  t h e r e f o r e  re- 
l a t e d  t o  t h e  moment impedances of t h e  beam and the p l a t e .  
These determine a coupling loss  f a c t o r  analogous t o  t h e  radia- 
t i o n  loss f a c t o r  of s e c t i o n  11. 

The large panel  w a s  d r iven  a t  t h e  ind ica t ed  d r iv ing  po in t  
by a shaker exc i t ed  i n  e i t h e r  8% or octave bands of random 
noise .  The can t i l eve red  beam had modes of v i b r a t i o n  which 
could be determined from resonance experiments. I n  par t  of 
t h e  experiments, an 8% f i l t e r  was used i n  t h e  shaker c i r c u i t  
t o  probe frequency reg ions  where large t r a n s f e r  of power from 
t h e  plate t o  one of the beam modes would r e s u l t .  I n  these  i n -  
s tances ,  the beam response w a s  e s s e n t i a l l y  l i m i t e d  t o  t h a t  of 
a s i n g l e  resonator .  The energy of the beam w a s  sampled a t  the 
free end s ince  a l l  the modes have an ant inode of motion a t  t h a t  
po in t .  I n  addi t ion ,  t he  plate  w a s  exc i t ed  i n  octave bands of 
noise .  These bands normally may encompass three or more modes 
of v i b r a t i o n  of the beam which a r e  exc i t ed  wel l  by i n t e r a c t i o n  
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w i t h  the  plate.  Theore t ica l  ca l cu la t ions  of energy t r a n s f e r  
according t o  a r e l a t i o n  l i k e  (2.3) a r e  used t o  determine the 
response. These involve the  po in t  moment impedances f o r  the 
plate and the  beam and the beam damping. 

We shal l  not  de t a i l  these  ca l cu la t ions  here, but  b a s i c a l l y  
they are q u i t e  s i m i l a r  t o  those which were presented f o r  t h e  
acous t i c  i n t e r a c t i o n  problem. Since i n  any frequency band the  
number of modes i n  the  substructure-- the beam--is small, there 
i s  t h e  p o s s i b i l i t y  of considerable f l u c t u a t i o n s  i n  the response 
from the t h e o r e t i c a l  average. These f l u c t u a t i o n s  occur because 
the beam i S  sensing the  v i b r a t i o n  of t h e  plate a t  only one 
point ,  and t h e r e f o r e  the coupling between some modes may be 
enhanced and i n  o the r s  suppressed. These v a r i a t i o n s  may be 
computed and put  i n t o  the form of a "safety f a c t o r "  which must 
be added t o  the  average response f o r  one t o  have a c e r t a i n  
confidence l e v e l  t h a t  t h e  observed response of the  beam w i l l  
l i e  below t h i s  l e v e l .  Th i s  form of p re sen ta t ion  would have 
some advantage t o  a designer  whose concern w a s  the  avoidance 
of malfunction or f a t i g u e  of the subs t ruc ture .  

I n  Fig. 21 a r e  p l o t t e d  the r e su l t s  of t he  ca l cu la t ions  
( r e f  . 19). The l i n e  labe led  " t h e o r e t i c a l  broadband'' i s  the 
t h e o r e t i c a l  response r a t i o  of beam t o  p l a t e  f o r  a large number 
of i n t e r a c t i n g  modes. Note that t h e  t h e o r e t i c a l  values  of t h e  
beam response normally l i e  above the p l a t e  response s ince  t h e  
dec ibe l  value i s  p o s i t i v e .  The octave band response r a t i o s  are 
i nd ica t ed  by the open c i r c l e s  on the diagram. The departure  
from the  t h e o r e t i c a l  value i s  no more than  about 1.5 db and 
t h i s  occurs i n  a region where only one or two modes are being 
exc i t ed  i n  the octave band. 

For the  8% band exc i t a t ion ,  t h e r e  are considerably more 
f l u c t u a t i o n s  i n  the experimental data which i s  indica ted  by 
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t h e  open t r i a n g l e s .  These data are t o  be compared w i t h  t h e  
average " t h e o r e t i c a l  s i n g l e  mode at  resonance'' curve. The com- 
puted s a f e t y  f a c t o r  i n  t he  response t o  achieve 80% confidence 
for t h i s  example i s  2.5 db. If t h i s  i s  added t o  t h e  average 
es t imate  and the  r e s u l t i n g  es t imat ion  i s  c a l l e d  the 80% 
"confidence level" ,  it i s  noted tha t  a l l  of the t r i a n g u l a r  
r a t i o s  l i e  below t h e  t h e o r e t i c a l  value. Of course, t h e r e  i s  
no c e r t a i n t y  t h a t  t h i s  would occur, s ince  an 80% confidence i s  
not  very high and it would be q u i t e  poss ib le  for one or more 
of t h e  t r i a n g l e s  t o  l i e  above the  80% confidence l e v e l  curve. 

I n  Fig.  22 i s  shown a s i m i l a r  experiment which w a s  run for 
two plates welded toge the r  ( r e f .  19). The r a t i o  of th icknesses  
of plate 1 to pla te  2 i s  1:2. For t h i s  r a t i o ,  the m a x i m u m  value 
of t he  response r a t i o  i s  6 db; p l a t e  1 v i b r a t i n g  6 db more than  
plate 2. Note that t h e  t h e o r e t i c a l  curve gets  c lose  t o  t h i s  
(about 5 db) i n  some of t h e  frequency ranges. 
response r a t i o s  are gene ra l ly  wi th in  2 t o  3 db of t he  t h e o r e t i -  
c a l  values  even though not  a l l  of t h e  t h e o r e t i c a l  and experi- 
mental va lues  were measured i n  t h e  same t h i r d  octave bands. 
There might have been a be t te r  agreement i f  t he  same bands were 
used. Nevertheless, one probably would be s a t i s f i e d  w i t h  these  
t h e o r e t i c a l  p r e d i c t i o n s  as an engineering es t imate  for most 
environmental problems. 

The measured 

I X .  Concluding Remarks 

I n  the course of t h i s  paper, we have t r i e d  t o  o u t l i n e  very 
b r i e f l y  t h e  broad na ture  of t h e  research  which has been c a r r i e d  
out  on the  s t a t i s t i c a l  desc r ip t ion  of s t r u c t u r e s  and t h e i r  
response. The work was done c h i e f l y  under sponsorship of t h e  
NASA, t h e  A i r  Force, and the  Navy. T h i s  research  i s  s t i l l  i n  
i t s  e a r l y  stages, i n  p a r t i c u l a r  w i t h  re fe rence  t o  i t s  appl ica-  
t i o n s  and t o  e s t a b l i s h i n g  confidence i n  t he  methods and an 
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understanding of t h e i r  l i m i t a t i o n s .  The a n a l y s i s  of var iance 
which w a s  d iscussed w i t h  r e spec t  t o  connected s t r u c t u r e s  i s  
one such example. I n  t h i s  case, some of t h e  f e a t u r e s  of t he  
s t a t i s t i c a l  averages were unsa t i s f ac to ry  and t h e  method was 
extended t o  t h e  computation of s a f e t y  f a c t o r s  f o r  t he  pred ic ted  
q u a n t i t i e s .  A n  approach of t h i s  type may some day form a s o l i d  
p a r t  of the noise  con t ro l  technology. A t  t h i s  time, however, 
it remains a re ference  po in t  f o r  many measurements t ha t  cannot 
be explained o r  computed i n  o the r  ways. 

We should l i k e  t o  thank many of ou r  col leagues a t  BBN 
f o r  many s t imu la t ing  d iscuss ions  and t h e i r  con t r ibu t ions  
over t h e  course of t h i s  research  e f f o r t .  
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